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Introduction

D URING the past two to three decades, a large amount of liter-
ature has been devoted to postbucklinganalysis of structures.

With such an analysis the actual load-carryingcapacityof the struc-
ture can be evaluated, and a possible catastrophic failure associated
with the secondary equilibrium path can be avoided. Contrary to
static buckling of structures, which is fairly well understood, dy-
namic buckling of autonomous and nonautonomoussystems needs
requisite attention. The stability of the lateral motion of bars sub-
jected to pulsatingperiodicaxial loads has been reported in Refs. 1–

4. The governing differential equation of a simply supported beam
is a single equation of the Mathew–Hill type for which the regions
of stability and instability indicate the stability and instability of
the lateral motion. For cases of arbitrary support conditions, the
general approach employed by most of these investigators is one in
which either integral equations or the Galerkin method is used to
reduce the governingequationsof the problem to a single Mathew–

Hill equation.The in� uence of geometric nonlinearity(large ampli-
tudes) on the dynamic stability of bars is investigated by Reiss and
Matkowsky5 and Ruben� eld.6 The nonlinear equations are solved
by employing the perturbation method or the method of multiple
scales. Brown et al.7 were among the � rst few to employ the ver-
satile tool, the � nite element method, for computing the regions of
instability of bars with various support conditions. However, their
study is limited to linear analysis. When employed for geometric
nonlinear dynamic buckling analysis, the � nite element method not
only becomes computationallyexpensive but also leads to cumber-
some equations.The dif� culties arise in handling the quadratic and
cubic nonlinearitieson spatial and temporal variation. In this Note a
simple semi-analyticalapproach is proposed to study the nonlinear
dynamic buckling behavior of asymmetrically laminated beams. A
two-node laminated beam element with three degrees of freedom
per node is developed and employed to obtain the spatial distri-
bution corresponding to the fundamental mode of vibration. The
nonlinear � nite element equations are reduced to a single nonlin-
ear ordinary differential equation, which in turn is solved by using
the Ritz–Galerkin method to compute the regionsof instability.The
in� uence of the quadratic nonlinear term is also investigated.

Governing Equations of the Laminated Beam
In this section, von Kármán plate theory, which is a subset of

the general nonlinear theory of elasticity, is reduced for laminated
beams and employed for the problem formulation. The derivation
assumes large displacements, but the rotations and strains are as-
sumed to be small compared to unity. It implies that the change
in the geometry in the de� nition of stresses and integrations is ne-
glected. Further, use is made of Mindlin’s assumptions, i.e., planes
normal to the undeformed middle surface remain plane though not
necessarily normal to the middle surface after deformation. Under
these assumptions the kinematics of a plate can be written as

Nu.x; y; z; ¿ / D u.x; y; ¿/ C zÃx .x; y; ¿ /

Nv.x; y; z; ¿ / D v.x; y; ¿/ C zÃy.x; y; ¿ / (1)

Nw.x; y; z; ¿/ D w.x; y; ¿/

where Nu; Nv, and Nw are components of displacementanywhere in the
plate in the x; y, and z directions, respectively; u; v, and w denote
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midplate displacements in the x; y, and z directions, respectively;
similarly Ãx and Ãy are bending rotationsof midplane normal about
the y and x axis, respectively; and ¿ denotes time.

Using Eq. (1), the von Kármán type of nonlinear strain displace-
ment relationship reads as

"x D u ;x C 1
2 w2

;x C zÃx;x ¡ ®x 1T

"y D v;y C 1
2 w2

;y C zÃy;y ¡ ®y1T
(2)

°x y D u;y C v;x C w;x w;y C z.Ãx;y C Ãy;x / ¡ ®x y1T

°xz D w;x C Ãx ; °yz D w;y C Ãy

where the transverse normal strain "z is neglected. The subscript
variable following the comma denotes differentiation with respect
to that variable;®x ; ®y , and ®xy are transformedthermal coef� cients
of expansion; and 1T is the temperature difference.

The constitutive relationship for a laminated beam is derived by
setting N2 D N6 D M2 D M6 D 0 and substituting "2; "6; ·2, and ·6

in terms of "1 and ·1 in the plate constitutive equation8–11; the re-
sulting equation becomes

NNx

NMx

Q x

D
A¤ B¤ 0

B¤ D¤ 0

0 0 S44

"x

·x

°xz

(3)

Note that a shear correction factor of value 5
6 is absorbed in

S44, where NNx D Nx C N T
x ; NMx D Mx C M T

x , and N T
x and M T

x are
thermal stresses and moment resultants, respectively.

The strain energy of the laminated beam can be expressed as

U D
b

2 L

. NNx "x C NMx ·x C NQ x °xz/ dx (4)

If the axial ineria of the laminated beam is neglected and all of the
layers are assumed to be of same material, then the kinetic energy
expression reads as

T D
b

2 L

R Pw2 C I PÃ2
x (5)

with

R D
h

0

½ dz; I D
h

0

½z2 dz

where ½ and h are the density of the layer material and the total
thickness of the laminate, respectively.

Finite Element Formulation
Let the domain of the laminated beam be divided into a number

of two-node beam elements. A linear and cubicvariation is assumed
for axial and transverse displacements, respectively:

u D ®1 C ®2» (6)

w D ¯1 C ¯2» C ¯3»
2 C ¯4»

3 (7)

where ®1; ®2; ¯1; ¯2; ¯3, and ¯4 are generalized coordinates and »
represents a natural coordinate such that (¡1 · » · 1). Making use
of the moment shear equilibrium (M 0

x D Qx ), we can express the
bending rotation Ãx as

Ãx D ¡w;x C D¤
11 S44 Ãx;x x (8)

To incorporate Euler beam theory in the case of slender beams, we
substitute Ãx D ¡w;x in the right-hand side of Eq. (8). Substitution
of Eq. (7) in the resulting equation yields

Ãx D 2
l

¡¯2 ¡ 2¯3» ¡ 3¯4»
2 ¡ 2´¯4 ; ´ D

12D¤
11

S44l2
(9)

A close examination of Eqs. (7) and (9) reveals that the variation
assumed for Ãx is one order lower than that of transverse displace-
ment w. This result leads to a consistent shear strain variation. The
shear locking in isoparametric � nite elements results because of the
assumption of the same polynomial variation for w and Ãx . Thus,
it is expected that the variation assumed here leads to a lock-free
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element. Using Eqs. (6), (7), and (9), the � eld variables u; w, and
Ãx in terms of nodal variables can be written as

u D [.1 ¡ »/=2]u1 C [.1 C »/=2]u2 (10)

w D N1w1 C N2w2 C N3Ãx1 C N4Ãx2 (11)

Ãx D M1w1 C M2w2 C M3Ãx1 C M4Ãx2 (12)

where N1– N4 and M1 – M4 are shape functions. These shape func-
tions can be expressed in terms of natural coordinate » and material
properties ´. SubstitutingEqs. (10–12) in the total kinetic potential
and followingthe proceduredescribedby Singh et al.,9 the following
nonlinear dynamic � nite element equations are derived:

kuu kuw

kwu kww

C
0 nnw1

nwu1 nww1
C

0 0

0 nww2
C ¸

0 0

0 kg

£
qu

qw

C
0 0

0 mww

Rqu

Rqw

D 0 (13)

The load parameter ¸ in Eq. (13) consists of two parts, i.e., ¸ D
¸0 C ¸1 cos µ t , where ¸0 is uniform compression and ¸1 is the in-
tensity of the pulsating load.

Solution Procedure
Linear vibrationanalysis is performed to compute the fundamen-

tal frequency and the correspondingmode shape. This mode shape
is assumed as the spatial distribution,which is a reasonableapprox-
imation for moderately large amplitude, for the nonlinearsystem of
equations (13), i.e.,

fqwg D f Nqw gA.t/ (14)

where f Nqwg is a normalized eigenvector (corresponding to the fun-
damental frequency) such that maximum transverse displacement
because of bending is unity and A.t/ represents temporal variation.
The axial displacement vector can now be expressed in terms of
fqwg by substituting Eq. (14) into Eq. (13) as

fqug D ¡[kuu ]¡1[kuw]fqwgA ¡ [kuu ]¡1[nuw1]fqwgA2 (15)

Making use of Eq. (15), we can rewrite the equation of motion (13)
as

kww ¡ kwuk¡1
uu kuw f Nqw gA C Nnww1 ¡ kwuk¡1

uu Nnuw1

¡ Nnwu1k
¡1
uu kuw f NqwgA2 C Nnww2 ¡ Nnwu1k

¡1
uu Nnuw1 f NqwgA3

C .¸0 C ¸1 cos µ t/[kG ]f NqwgA C [mww ]f Nqwg RA D 0 (16)

The bars over the nonlinear stiffness submatrices indicate that the
are computedusing the normalizedeigenmodef Nqwg. Premultiplying
Eq. (16)with f NqwgT and dividingthroughoutwith [f NqwgT [mww ]f Nqwg]
gives an equation of the form

RA C ® A C ¯ A2 C ° A3 C .r C s cos µ t/A D 0 (17)

In the absence of ¯ and ° , the nonlinear stiffness coef� cients,
Eq. (17) reduces to the standard Mathew–Hill equation, the solu-
tion of which is well known.2 Equation (17) is solved using the
weighted residual method12 to obtain the instability boundaries.

Assuming the temporal variations A D a1 cos.µ t=2/ and A D
a1 sin.µ t=2/, we obtain

µ 2=4 D ® C .r § s=2/ C .8=3¼/¯a1 C 3
4 ° a2

1 (18)

In the preceding equation C corresponds to the cosine function,
whereas ¡ corresponds to the sine function. The dynamic stability
region is the area bounded between the surfaces generated by Eq.
(18), with the upper and lower bounds corresponding to (r C 0:5s)
and (r ¡ 0:5s), respectively.

Numerical Results and Discussion
In this sectiondynamicinstabilityregionsof isotropic,symmetric,

and ansymmetric laminatedbeams with different end conditionsare
computed and presented in tabular and graphical fashion. A series
of example problems is solved to validate the proposedmethod, and
some interesting observations are made.

The mechanicalpropertiesconsideredin this study (high modulus
graphite/epoxy laminate tested in the laboratory) are

EL D 335 GPa; ET D 4 GPa

G LT D G L Z D 3 GPa; ºL T D 0:28

Results in this section are presented in the form of the following
nondimensionalparameters:

Am D
Amax

³
; ³ D

I

A
; ¹ D

s

2.1 ¡ r /

The solutions of Eq. (18) will lead to Á1 D [µ1=!] and Á2 D [µ2=!],
which correspondto (r C 0:5s) and (r ¡ 0:5s) of the same equation.

The critical loads and fundamental frequencies of various
isotropic and laminated beam con� gurations were computed and
compared with those available in the open literature. The present
� nite element is found to yield accurateresultsevenwith coarse ide-
alization. The details of such comparisons and convergence studies
are omitted for the sake of brevity.

Nonlinear Dynamic Stability of Antisymmetric Angle-Ply Beams
In this section nonlinear dynamic stability behavior of short

(L=³ D 25), asymmetrically laminated [§45 deg] beams with var-
ious end conditions is studied in detail. The beams are assumed
to be subjected to only pulsating thermal loads (r D 0; s 6D 0). To
give better insight, results are presented in the form of tables and
three-dimensionalplots.

The dynamic stability regions of a composite beam with simply
supported (SS) ends is shown in Fig. 1. The numeric data for dy-
namic stability regions for the SS and � xed (FF) ends are given in
Tables 1 and 2. The stability regions of composite beams with both
ends SS and both ends FF are the same in the regionsof in� nitesimal
amplitudes (Am D 0); they are different in the regions of � nite am-
plitudes (Am > 0). The stability region reduces with the increase in
amplitude, and this reduction is more pronounced in the case of SS
beams than in thecaseofFF beams.This reductionin the stabilityre-
gion at Am D 2:0 is 10% and 27% for FF and SS beams, respectively.

Nonlinear Dynamic Stability of Antisymmetric Cross-Ply Beams
In all of the cases studied so far, the nonlinearstiffness coef� cient

¯ is zero. To investigate the in� uence of ¯ on the dynamic stability
behavior,a two-layer,cross,ply beamwith SS and FF end conditions
was examined.A nonzero¯ exists in the caseof SS cross-plybeams;
however, it is zero in the case of beams with � xed ends. This hap-
pens because the end moments generated due to bending extension
coupling are counterbalanced by the reactive end moments in the
case of beams with FF ends.Three-dimensionalplots (Á vs ¹ vs Am )
for a SS beam are plotted in Fig. 2. The numeric data for SS and
FF ends are given in Tables 3 and 4, respectively.This study reveals
that a nonlinear free vibration characteristicof ansymmetric beams
(¯ 6D 0) is that they oscillate with different amplitudes in positive

Fig. 1 Variation of Á with load parameters ¹ at various amplitudes
for a short (L/³ = 25) composite beam (asymmetric layup § 45 deg) with
SS ends.
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Table 1 Variations of Á with load parameter ¹ at various amplitudes for short (L/³ = 25) asymmetrical
composite beams with simply supported end condition [§ 45 deg]

¹ D 0:0 ¹ D 0:2 ¹ D 0:4 ¹ D 0:6
Am Á1 Á2 Á1 Á2 Á1 Á2 Á1 Á2

0 2 2 2.09762 1.89737 2.19089 1.78885 2.28035 1.67332
0.2 2.00862 2.00862 2.10584 1.90645 2.19876 1.79848 2.28791 1.68361
0.4 2.03425 2.03425 2.1303 1.93344 2.2222 1.82707 2.31045 1.71411
0.8 2.13372 2.13372 2.22548 2.03783 2.3136 1.9372 2.39849 1.83105
1.0 2.20537 2.20537 2.29427 2.11274 2.37985 2.01585 2.46245 1.91407
2.0 2.73032 2.73032 2.80262 2.65606 2.87309 2.57966 2.94188 2.50093

Table 2 Variations of Á with load parameter ¹ at various amplitudes for short (L/³ = 25) asymmetrical
composite beams with � xed-end condition [§ 45 deg]

¹ D 0:0 ¹ D 0:2 ¹ D 0:4 ¹ D 0:6
Am Á1 Á2 Á1 Á2 Á1 Á2 Á1 Á2

0 2 2 2.09762 1.89737 2.19089 1.78885 2.28035 1.67332
0.2 2.0023 2.0023 2.09981 1.89979 2.19299 1.79142 2.28237 1.67607
0.4 2.00918 2.00918 2.10637 1.90704 2.19927 1.79911 2.2884 1.68428
0.8 2.03646 2.03646 2.13241 1.93576 2.22423 1.82953 2.3124 1.71674
1.0 2.05669 2.05669 2.15174 1.95703 2.24276 1.85202 2.33023 1.74068
2.0 2.21808 2.21808 2.30648 2.126 2.39162 2.02975 2.47384 1.9287

Table 3 Variations of Á with load parameter ¹ at various amplitudes for short (L/³ = 25) asymmetrical
composite beams with simply supported end condition [0 deg/90 deg]

¹ D 0:0 ¹ D 0:2 ¹ D 0:4 ¹ D 0:6
Am Bm Á1 Á2 Á1 Á2 Á1 Á2 Á1 Á2

0.0 0:0 2 2 2.09762 1.89737 2.19089 1.78885 2.28035 1.67332
0.2 ¡0:1821 1.88134 1.88134 1.9848 1.77185 2.08313 1.65513 2.17703 1.52952
0.4 ¡0:3348 1.77936 1.77936 1.88842 1.66317 1.99151 1.53822 2.08953 1.40219
0.8 ¡0:5841 1.63744 1.63744 1.75534 1.51037 1.8658 1.37158 1.97008 1.21705
1.2 ¡0:7977 1.5954 1.5954 1.71619 1.46468 1.82901 1.32109 1.93528 1.15987
2.0 ¡1:2457 1.82218 1.82218 1.92882 1.7089 2.02987 1.58756 2.12611 1.45614

Table 4 Variations of Á with load parameter ¹ at various amplitudes for short (L/³ = 25) asymmetrical
composite beams with � xed-end condition [0 deg/90 deg]

¹ D 0:0 ¹ D 0:2 ¹ D 0:4 ¹ D 0:6
Am Á1 Á2 Á1 Á2 Á1 Á2 Á1 Á2

0 2 2 2.09762 1.89737 2.19089 1.78885 2.28035 1.67332
0.2 2.00699 2.00699 2.10429 1.90474 2.19728 1.79667 2.28649 1.68167
0.4 2.02783 2.02783 2.12417 1.92668 2.21633 1.81992 2.3048 1.70649
0.8 2.10913 2.10913 2.20191 2.01207 2.29094 1.91009 2.37664 1.80234
1.0 2.1681 2.1681 2.25847 2.07381 2.34535 1.97501 2.42913 1.87101
2.0 2.60819 2.60819 2.68378 2.53035 2.75729 2.45003 2.8289 2.367

Fig. 2 Variation of Á with load parameters ¹ at various amplitudes
for a short (L/³ = 25) composite beam (cross ply 0 deg/90 deg) with SS
ends.

and negative de� ection cycles. Further, a softening type of non-
linearity for small amplitudes can be noticed, which changes to a
hardening type at large amplitudes. Whereas these cross-ply beams
with FF ends behaved like the ones studied earlier, the behavior of
such beams with SS ends is quite different. For example, the region
of stability increased initially with the increase in amplitude (up to
Am D 1:2) and then started decreasing. The increase in the stability
region at Am D 1:2 is nearly 22%, and at Am D 2:0 it is only 10%
compared with one at Am D 0:0.

Concluding Remarks
A semi-analyticalapproach is proposedin this Note to investigate

the nonlinear dynamic stability characteristics of asymmetrically
laminated beams. The method has been successfully demonstrated
and employedto compute the dynamic instabilityregionsof various
laminated beam con� gurations. In general, the instability region
decreases with the increase in amplitude. Further, this reduction is
more for beams with both of the ends SS; however, in the case of
SS two-layer, cross-ply beams, this region initially increases with
the increase in amplitude and then decreases.The proposedmethod
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easily can be extended to investigate the dynamic stability behavior
of plate and shells.
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Introduction

P LATE analysis involving higher-order effects such as shear is
an involved and tedious process. Even the considerably sim-

ple and well-known theories such as Reissner’s1 and Mindlin’s2

require solving two differential equations involving two unknown
functions and involve the use of a shear coef� cient for approxi-
mately satisfying the constitutive relationship between shear stress
and shear strain. However, it is possible to take into account the
higher-order effects and yet keep the complexity to a considerably
lower level. Great simpli� cation is possible if axial displacement is
allowedto be in� uencedalso by shear forceand if properuse is made
of the relationships(which always hold, regardless of the plate the-
ory that is used) between moments, shear forces, and loading on the
plate.

In the theory to be developed, the governingdifferentialequation
is of fourth order (as is the case in classical plate theory). In the
governing equation only lateral de� ection, plate physical proper-
ties, and lateral loading are going to � gure. Therefore, the theory
developed will be called the zeroth-order shear deformation theory
(ZSDT) for plates.

The essential differences between Librescu’s3 approach and the
present can be summarized as follows:
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Librescu’s approachmakes use of weighted lateral displacement,
whereas the ZSDT approachuses the lateraldisplacementitself, and
therefore the approach is physically more meaningful.

In contrast to Librescu’s approach, the ZSDT approachutilizes—
right from the formulation stage—only physicallymeaningful enti-
ties, e.g., lateral de� ection and shear forces.

Note that Reissner’s formulation comes out as a special case of
Librescu’s formulation, whereas classical plate theory comes out
as a special case of ZSDT formulation. Therefore, it is the opinion
of the author that, in the context of a � nite element solution of
thin-plateproblems, if � nite elements based on Librescu’s approach
are used, the elements will be prone to shear locking, whereas the
� nite elements based on the ZSDT will be free from shear locking.

Plate Under Consideration
Consider a plate of length a, width b, and thicknessh of homoge-

neous isotropic material. In the o ¡ x ¡ y ¡ z Cartesian coordinate
system, the plate occupies a region

0 · x · a; 0 · y · b; ¡h=2 · z · h=2 (1)

The plate is loadedon surface z D ¡h=2 by a lateral load of intensity
q.x; y/ acting in the z direction. The plate can have any meaning-
ful boundary conditions at edges x D 0; a and y D 0; b. The mod-
ulus of elasticity E , shear modulus G, and Poisson’s ratio ¹ are
related by G D E=[2.1 C ¹/]: The plate rigidity D is de� ned by
D D Eh3=[12.1 ¡ ¹2/]:

Equilibrium Equations for the Plate
The moments Mx ; My , and Mx y and shear forces Qx and Q y are

de� ned as

Mx

My

Mx y

Q x

Q y

D
z D h=2

z D ¡h=2

¾x z

¾y z

¿x y z

¿zx

¿yz

dz (2)

It is worthwhile to note certain relationships between moments,
shear forces, and loading:

@ Mx

@ x
C

@Mx y

@y
¡ Q x D 0 (3)

@ Mxy

@x
C @My

@y
¡ Q y D 0 (4)

@ Qx

@x
C @ Q y

@y
C q D 0 (5)

Equations (3–5) can be construed to be the gross equilibrium equa-
tions for any plate. As such, in the context of the classical plate
theory, Eqs. (3–5) are well-known relations.4 Note that the rela-
tions hold for any plate theory including any higher-order plate
theory.

Assumptions for ZSDT for Plates
The following are the assumptions involved in respect to ZSDT:
1) The displacementsare small, and thereforethe strains involved

are in� nitesimals.
2) The lateral displacement w is a function of coordinates x and

y only.
3) In general, stress ¾z is negligible in comparison with ¾x and

¾y . Therefore, for linearly elastic isotropic material it is possible to
use the relations

¾x D [E=.1 ¡ ¹2/].²x C ¹²y/

¾y D [E=.1 ¡ ¹2/].²y C ¹²x /

4) The displacement u in the x direction and displacement v in
the y direction each consists of two components.


